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1. Introduction 

The results contained in this paper describe the homogenization of a material composed by 
two constituents which are distributed in a periodic way and which have a very different elastic 
behaviour. More precisely, we consider the case of an unbreakable elastic material presenting 
disjoint brittle inclusions arranged in a periodic way. In other words, we assume that cracks can 
appear and grow only in a prescribed disconnected region of the material, composed of a large 
number of small components with small toughness. 

In what follows, let il C R™, with n > 2, be the region occupied by the material and let 
e > be a small parameter. We introduce a structure on f2 whose periodicity cells e Q are the 
e-homothetic of the unit square Q := (0, 1)™. For any < S < 1/2 we denote with Qs C Q the 
concentric cube (S, 1 — S) n . Let us focus on a single cell eQ. We assume that cracks can appear 
only in a region contained in eQs- Moreover, in order to deal with a quite general situation we 
allow the fragile part to have an n-dimcnsional component and an (n — l)-dimensional one, which 
can be interpreted as a fissure in the material. Hence, we consider an open set E C Qs and an 
(n — l)-dimcnsional set F C Qs and we require that the fracture in a single cell is contained in 
eEUeF. 

A pictorial idea of the composition of the material is given by the following figure: 



4f. 







Figure 1. Composite material 



To simplify the mathematical description of the model we consider only linearly elastic mate- 
rials, and we restrict our analysis to the case of anti-plane shear. More precisely, we assume that 

l 
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the reference configuration is an infinite cylinder il x R and the displacement v : f2 x M — > R Il+1 
has the special form v(x, t) := (0, . . . , 0, u(x)) for every (x, t) E 51 x R, where u : O — > R. 

Since we are taking into account the possibility of creating cracks, displacements are allowed 
to have discontinuities. Therefore, the natural functional setting for the problem is the space of 
special functions with bounded variation. More precisely, we consider displacements u G S BV 2 (O) , 
that is, we assume in addition that the approximate gradient Vu is in L 2 and that the (n — 1)- 
dimensional Hausdorff measure of the jump set S u is finite. 

The elastic energy T e associated to a displacement u € SBV 2 (Cl) is defined as 



T%u) = J \Vu\ 2 dx + J f ae Q dH n -\x), 



' n J s u 

where f ae : R™ — > [0, +oo] is a Q-periodic function defined as 

' u e in EUF, 



focAv) = 



+oo otherwise in Q, 



and a e is a positive parameter depending on s. 

The volume term in the expression of T e represents the linearly elastic energy of the body, 
while the surface integral describes the energy needed in order to open a crack in a material with 
toughness a £ , according to Griffith's model of brittle fractures (see [15]). More precisely, the 
density f ae acts as a weight for the measure of the jump set S u of the displacement u. Indeed, 
the energy is finite only when S u lies in the fragile part of the material. 

We are interested in the asymptotic behaviour of the sequence T e as e goes to zero, in the 
framework of T-convergence. 

Hcuristically, as e becomes smaller and smaller, the microscopic structure of the material be- 
comes finer and finer, while, on the other hand, from a macroscopic point of view the behaviour 
of the composite tends to be simpler. So we expect the limit behaviour of the material to be 
described in terms of a different homogeneous material, that captures the main features of the two 
original constituents. 

We consider the case in which S is fixed and independent of s, while a £ converges to zero as 
e — > 0. We show that the limit model depends on the behaviour of the ratio y as £ goes to zero. 
However, it turns out that the different limiting models present a common feature: they describe 
an unbreakable material. This means that, even if at scale e many microscopic cracks are present 
in the material, they are not equivalent in the limit model to a macroscopic crack, due to the 
fact that they are well separated from one another. Indeed, in the periodicity cell e Q the brittle 
inclusion e E U e F is set at a distance sS from the boundary d(e Q), with 5 > independent of e. 
The size of the separation between different inclusions prevents the small cracks contained in the 
brittle region of the material from having the same asymptotic effect of a macroscopic fracture. 

A different situation occurs when the parameter S depends on e and converges to zero as e — > 0. 
This case has been partially solved in [8], assuming a e = 1. 

In this paper we show that three different limit models can arise, corresponding to the limit ^ 
being zero (subcritical case), finite (critical case) or +oo (supercritical case). 

In the subcritical case a e « e, the limit functional turns out to be 

T0 t , if fo(Du)dx in H\Q), 
T (u) = <Jn 

[+oo otherwise in L 2 (Q,), 

where /o is a coercive quadratic form given by the cell formula 

/ (0=min(/ IZ + Dwiy^dy.weH^QMEUF))}, (1.1) 

I Jq\(euf) ) 

and H^(Q \ (E U F)) denotes the space of H 1 (Q \ (E U F)) functions with periodic boundary 
values on dQ. Hence there exists a positive definite matrix Aq € R" x ™ with constant coefficients 
such that /o(£) = AqS, ■ £ for every £ e R™. Notice that T {) represents the energy of a linearly 
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elastic homogeneous anisotropic material. Moreover, since w = is a competitor for the minimum 
in (1.1), the density /o satisfies 

M • £ = /o(0 < (1 - £ n (E)) \e < \e for every £ € R", 

and the second inequality is strict for £ 7^ 0. This means that u Aq <J Id" in the usual sense of 
quadratic forms. This is due to the fact that in this regime, for the problem at fixed e, displace- 
ments presenting discontinuities are energetically convenient. Hence, although the limit energy 
!F° describes an unbreakable material, the possibility to create a high number of microfractures in 
the approximating problems leads to a damaged limit material, that is, a material whose elastic 
properties are weaker than the original ones. 

In the supercritical regime a e » e the limit model is described by the functional 



!In 
+0 



, \Du\ 2 dx in //':<):. 
J- \U) = \ Jq 

+00 otherwise in L 2 (Vt). 



Hence, the (possible) presence of small cracks in the problems at scale e does not affect the 
clastic properties of the original material. Indeed, in this regime the formation of microfractures is 
penalized by the energy, that is, displacements presenting jumps are not energetically convenient. 
Therefore the macroscopic result describes an undamaged material. 

The critical regime corresponds to the case where a e is of the same order as e, so we can assume 
without loss of generality that a £ — e. The limit functional is 

f hom (Du)dx iniJ^O), 



n 

+00 otherwise in L 2 (Q), 



T hom (u) = 

where the density fhom is given by the asymptotic cell formula 
lim - 



f hom {0~ I™ ^inf^ / |£ + ^w\ 2 dx + H^ 1 ^) : w e SBV 2 ((0, t) n ) , S w C E U F \, 

(1.2) 



and the sets E and F are defined as 

E:=E + Z n , F:=F + Z n . 

Notice that, since in this case the coefficient a £ and the size e of the microstructure have the same 
order, there is a competition between the bulk energy and the surface term. Indeed they both 
contribute to the expression of the limit density. 

Moreover, the limit functional describes an intermediate model with respect to the subcritical 
and the supercritical regimes. More precisely, the limit density satisfies 

/o(0 $ homiO < min{|£| 2 ,/ (£) +c(E)}, (1.3) 

for every £ £ M. n \ {0}, where c(E) is the (n — l)-dimensional measure of dE (see Lemma 5.12). 

Notice that (1.3) entails that for |£| large enough fhom(£) % |£| 2 - Therefore, the limit functional 
describes a damaged material. Using estimate (1.3) it is also possible to show that the limit density 
fhom is not two-homogeneous, and hence it is not a quadratic form (see again Lemma 5.12). 

The plan of the paper is the following. In Section 2 we define the energy functional and we 
describe the mathematical setting of the problem. Sections 3-5 are devoted to the asymptotic 
analysis of the energy in the various regimes and to the description of the limit functionals in the 
subcritical, critical and supercritical cases. In the last Section we present, in the two-dimensional 
case, an alternative and direct proof of the main result of Section 4, in the regime a e » e. 

2. Preliminaries and formulation of the problem 

Let us give some definitions and results that will be widely used throughout the paper. 

In order to make precise the mathematical setting of this problem, we need to recall some 
properties of rectifiable sets and of the space SBV of special functions with bounded variation. 
We refer the reader to [6] for a complete treatment of these subjects. 
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A set T C MP is rectifiable if there exist iV C T with H n 1 {N ) = 0, and a sequence (Mj) ieN 
of C 1 -submanifolds of M. n such that 

r\7V c \jMi. 

For every x € T \ No we define the normal to T at x as (x) . It turns out that the normal is 
well defined (up to the sign) for TL n ^ 1 -a,.c. xeT. 

Let U C W 1 be an open bounded set with Lipschitz boundary. We define SBV(U) as the set 
of functions u e ^(U) such that the distributional derivative Du is a Radon measure which, for 
every open set A C U, can be represented as 

Du{A) = [ Vudx+ [ [u]{x)v u {x)<m n - 1 {x), 
J A JAnS u 

where V« is the approximate differential of u, S u is the set of jump of u (which is a rectifiable 
set), v u {x) is the normal to S u at x, and [u](x) is the jump of u at x. 
For every pg]l, +00 [ we set 

SBV P (U) = {ueSBV{U) :V«eL !, ([/;R n ),r" 1 (5 u ) < +00}. 

If u e SBV(U) and r C J7 is rectifiable and oriented by a normal vector field v, then we can 
define the traces u + and u~ of u e SBV(U) on T which are characterized by the relations 

lim — / |u(y) - u ± (x)\ dy = for W"" 1 - a.c. xeT, 

r" JnnB^(x) 

where B^(x) := {y e B r (x) : (y — x) ■ v ^ 0}. 

A set E C [/ has finite perimeter in [/ if the characteristic function xe belongs to SBV(U). We 
denote by d*E the set of jumps of xe and by P{E, U) the total variation of the measure Dxe, 
that is, the perimeter of E in U. 

Finally, if E C U, we denote with E(a) the set of points of density a € [0, 1] for E, i.e., 

E{a) :={xeU: lim C n (E D B r (x))/C n (B r (x)) = a}. 

r—>0 

Let us come to the formulation of the problem. 
Let n > 2 and let £1 c K" be a bounded open set. In the following we will denote by Q the unit 
cube (0, 1)™ and by Q g the inner cube (g, 1 — g) n , for some g € (0, 1). 
Let 5 > and E, F C Qs be defined in the following way: 

• E is a finite union of disjoint sets given by the closure of domains with Lipschitz boundary; 

• F is a finite union of disjoint closed (n — l)-dimensional smooth manifolds. 

Assume also that E and F are disjoint. 

For every e > 0, let us consider the periodic structure in M" generated by an e-homothetic of 
the basic cell Q. 

The starting point of the problem is the energy associated to a function u € SBV 2 (Q), that is 
F-(u) = JjVu\ 2 dx + J s f a {^)dH n -\x), 
where f a : M™ — > [0, +00] is a Q-periodic function defined as 




+00 otherwise in Q, 



and a is a positive parameter. Clearly, being f a Q-periodic, the function 

turns out to be e Q-pcriodic. For notational brevity we will use the superscript e to denote the 
e-homothetic of any domain. In particular, Q £ :— eQ. 
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Let us write the domain fi as union of cubes of side e: 

fi= ( IJ (Q + h) s )uR(e), 



where Z" is the set of integer vectors h € Z" such that (Q + C fi and -R(e) is the remaining 
part of fi. Let N(e) be the cardinality of the set Z"; notice that N(e) is of order l/e™. 

We denote by {Q%}k=i,...,N(e) an enumeration of the family of cubes (Q + h) £ covering fi, so 
that we can rewrite fi as 

n=l [Jdufl(£). (2.i) 

Let E 5 ,, Fj^. CC Q| be defined in the same way. Finally, we set 

,N(e) . -JV(e) . 

^ := |J ^ U J2 B (e), ^ e := (J U J2 F (e), (2.2) 
^ fe=i ' ^ fc=i ' 

where Re{s) and Rf(s) are the remaining parts of fin (_E + Z") £ and of fin (F + Z™) £ , respectively. 

We are interested in the case in which 8 is fixed and independent of e, while a — a e depends 
on e and goes to zero as e — > 0. 

We will study three different cases, i.e., 

(y. 

1. Subcritical regime — — > as e — > 0, 

Q/ 

2. Supercritical regime > +oo as e — > 0, 

£ 

(X 

3. Critical regime — — > c e (0, +oo) as e — > 0. 

£ 

Before starting the analysis of the different cases we have just described, we state a fundamental 
result that will be often used in the following. For the proof we refer to [1]. 

Theorem 2.1 (Existence of an extension operator). Let E be a periodic, connected, open subset 
ofR n , with Lipschitz boundary, let e > 0, and set E e := eE. Given a bounded open set fi C K™, 
there exist a linear and continuous extension operator T e : i? 1 (fi n E e ) -> #/ oc (fi) and three 
constants ko, k\, ki > depending on E and n, but not on e and fi, such that 

T e u =u a.e. in fin E £ , 



/ |T £ u| 2 dx <fci / |u| 2 dx, 
[ \D(T £ u)\ 2 dx <k 2 [ \Du\ 2 dx, 

Jn(ekn) JQnEz 



in(eko) JttC\E e 

for every u & i? 1 (fi n E e ). Here we used the notation fi(efco) := {x E fi : dist(x, 9fi) > efco}- 

Remark 2.2. Theorem 2.1 applies to a very large class of domains E. In particular, it covers 
the case in which E is obtained by removing from the periodicity cell Q := (0, 1)™ a set B with 
Lipschitz boundary such that dist(i?, <9Q) > 0, and repeating this structure by periodicity (see 
also [16]). 

3. Subcritical regime: very brittle inclusions 

In this section we assume a £ < < e in the expression of the energy T e . 
We define the functional T° : L 2 (fi) -> [0, +oo] as 

, f (Du)dx ifueff 1 ^). 
™{u) = \Jn (3.1) 

+oo otherwise in L 2 (fi), 
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where / solves the cell problem 

/ (O=min(/ \t + Dw(y)\ 2 dy:weH^(Q\(EUF))X. (3.2) 

I Jq\(euf) J 

The functional T° will turn out to be the T- limit of the sequence in this case, that is for 

a £ « e. 

It is convenient to introduce the auxiliary functionals Q e : L 2 (0) — > [0, +oo] defined by 

9-(«) = {lA^ iX *'**<. a \*< (3.3, 
[+oo otherwise in L 2 (Q), 

where a is a Q-periodic function given by 

'o in E, 
1 in Q \ E. 



As a preliminary result, we show that Q e T-converges to JF° with respect to the strong topology 
of L 2 



Theorem 3.1. The sequence of functionals (G e ) T-converges to T° with respect to the strong 

-2 
J lo 



topology ofL? 



Proof. Let 77 > and let F v be a neighbourhood of F with Lipschitz boundary such that 
dist(i^,F) < 7] and dist (F V ,E) > 0. Now we define the functionals 0* : L 2 (Q) -> [0, +00] 
as 



(3.4) 

+00 otherwise in L 2 (Q), 

where a v is a Q-periodic function given by 



a v {y) = 



ifyeEUF^, 

1 otherwise in Q. 

From the standard theory for non-coercive convex homogenization (see e.g. [7] and [9]), we know 
that 

T(L 2 oc )-\img^g v , (3.5) 
where the functional Q v : L 2 (f2) — > [0, +00] is defined as 



, ( [ f v (Dv)dx XveH 1 ^), 

[ +00 otherwise in , 



L 2 {n), 

and solves for every £ € R™ the cell problem 

/„(£) = mini f \^ + Dw(y)\ 2 dy:weH 1 # (Q\(EUF n ))\ 

I Jq\(euf v ) ) 

= mm( [ \Z + Dw(y)\ 2 dy:weH^(Q)}. 

I JQ\(EUF V ) ) 

Notice that the last equality is due to classical extension theorems (see, for instance, [2]). 

Comparison between Q £ and Q*t . Let v e be a sequence having equibounded energies Q £ and such 
that v £ converges strongly to some v in Lf oc . Then we claim that v G H (Q) and that 

limmfg E (v £ ) >GJv). (3.6) 

£— »0 

By the fact that G e (v e ) are bounded we deduce in particular that the H 1 ^ \ (E £ UF^)) norm of 
v £ is equibounded. 



DAMAGE AS T-LIMIT OF MICROFRACTURES 



7 



Therefore, Theorem 2.1 ensures that for every s > there exists an extension of v £ , that is a 
function v £ G i?/ oc (fi) such that 

v £ =v £ inO\(l £ U^), (3.7) 

with the property that for every open Lipschitz set Q! C O such that dist(S7', > fco£, the 
_ff 1 (il')-norm of v £ is equibounded. Hence there exists a function v* G such that 

— 1 v* weakly in H 1 ^') as e — > 0, 

and strongly in L 2 (f2'). If we now consider an invading sequence of smooth open subsets of f2, by 
a diagonal process we can extract a subsequence of (v £ ) (still denoted by w^) that converges to a 
function v* G H[ oc (il), strongly in L 2 oc (il) and weakly in Hl oc (Vt). It is easy to show that v = v* 
a.e. in Q. Indeed, using the relation (3.7) we have that for every open set f2' CC O 

/ \v-v*\ 2 dx< \v-v £ \ 2 dx + \i e v -v*\ 2 dx, 

Jn'\(E^uF^) Jn'\{E--uF^) Jn'\(E^uF^) 

from which, by taking the limit as e — > we get 

C n (Q \(EU F v )) [ \v- v*\ 2 dx < 0. 
Jn> 

Since this holds for every f2' CC ft, we obtain v G if 1 (f2). 

Moreover, the extension we have built allows us to write the estimate 

G E (v £ ) > Gffi), (3.8) 

and in virtue of the result (3.5) we get (3.6). It remains to show that on 1 (£1) the T-limit of the 
sequence (Q £ ) is given by JF°, where T a is defined by (3.1) and (3.2). 
Liminf inequality. 

Let v G 1 (f2) and let (v £ ) be a sequence having equibounded energy Q £ , such that v £ converges 
to v strongly in L 2 . Then (3.6) holds for every r\ > 0. 

Since f v converges increasingly to / , then f = sup n f v = lim I( ^ Iq- Hence 

v 

and then from (3.6) we get the bound 

liminf g e (v £ ) > F°{v). 

Limsup inequality. Let £ G K" and let us define v^(x) := £ ■ x. Let w be the solution of the 
minimum problem defining /o(£), that is, w G H^(Q \ (EL) F)), and 

/o(0= / \t + Dw\ 2 dx. 

Jq\(euf) 

Let w be the periodic extension of w to K" and let us define the sequence v £ := + ew(^—^j; 
clearly it converges to strongly in L 2 . Moreover 

Q £ (v £ )= [ a(-)\Vv £ \ 2 dx = e n [ a{x) |£ + V w\ 2 dx = C n (fi) / a(x) \£ + Vw\ 2 dx + o(e) 
= C n (Cl) f |C + Vw\ 2 dx + o(e) = £"(0) f (0 + o(e) = T ^) + o(e), 

JQ\E 

where o(e) is a small error that disappears when e — + and which is due to the fact that in general 
0,/e is not given by an exact number of unit cubes. 

We have therefore proved the existence of a recovery sequence for affine functions. We can 
extend the result to piecewise affine continuous functions, thanks to the local character of Q £ . 
Then, using the density in iJ 1 (Q) of the piecewise affine continuous functions and the continuity 
of T° on 7? 1 (fi), we get the claim in the general case. □ 
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Remark 3.2. From the previous result we deduce immediately that f is a quadratic form, being 
T° the T- limit of the quadratic forms Q £ . Hence there exists a matrix Aq £ M. nxn with constant 
coefficients such that 

/o(0=4)£-£ for every e G K". (3.9) 

Now we can prove the T-convergence result for the sequence T £ ' . 

Theorem 3.3 (Bound from below). Let u £ L 2 (fl) and let (u £ ) be a sequence with equibounded 
energy T £ such that u £ — > u strongly in L 2 . Then u £ i7 1 (il) and 

liminf^ £ ( U £ ) > F°(u). (3.10) 

e— >0 

Proof. Let u £ L 2 (fl) and let (u £ ) be a sequence converging to u strongly in L 2 (fi) and such 
that T £ {u £ ) < c < +oo. From the definition of the functional this implies in particular that the 
H \ (E £ U F £ )) norm of (u £ ) is equibounded. By Theorem 2.1 it is possible to extend every u £ 
to a new function u £ £ i/j 1 C (Q \ F £ ) in such a way that for every open Lipschitz set ft' C the 
H 1 -norm of u £ in ft' \ F £ is equibounded. 

We claim that u £ — > u strongly in L 2 (Q!). As first step, fix n > and define for every e > an 
extension u £ £ Hj oc (Q,') of (u £ )^ v \p S7 where F £ denotes an 77-neighborhood of F £ defined in the 

usual way. As in Theorem 3.1 it turns out that — u weakly in Hl oc (Q!) and that u £ H 1 ^!'). 
Moreover, 

u £ - u\ 2 dx = \u £ - u\ 2 dx + / \u £ - u\ 2 dx 



I \u £ - u\ 2 dx + / \u e - u\ 2 dx 
Jn>\Ee Je e 

2^ 1 / L-.e „.|2, 



< / \u £ -u\ 2 dx+ / \u e -u\ z dx, (3.11) 
Jn' Jn' 

and since the right-hand side in (3.11) converges to zero as e — > 0, we can conclude that 

u £ — > u strongly in L 2 (Q'). 

Since this holds for every f2' C fi, we have that the convergence is indeed strong in Lf oc (il) and 
that u £ H 1 ^!). Using the sequence u £ we can write 

T £ {u £ ) > G £ (u £ ), (3.12) 

where the functional Q £ is defined as in (3.3). Hence by Theorem 3.1 we obtain (3.10). □ 

Remark 3.4. We underline that the bound (3.10) holds true independently of the rate of conver- 
gence of a £ and implies in particular that the T- limit of T £ is finite only in H x (££). 

Theorem 3.5 (Bound from above). For every u £ H 1 ^) there exists a sequence (u £ ) C SBV 2 (fl), 
with S u C E £ U F £ , such that 

(i) u £ — > u strongly in Lf oc (Q), 

(ii) \imT £ {u £ )=T°{u). 

e— >0 

Proof. Let u £ iJ 1 (fi). The T-convergence result in Theorem 3.1 guarantees the existence of a 
sequence (v £ ) C L 2 (£l) such that 

\v £ ^u strongly in L 2 oc (n), 
\g £ (v £ )^f°(u). 

A recovery sequence for T £ will be constructed by modifying properly (v £ ). 

Notice that, by the definition of Q £ , it turns out that the i? x (0 \ (E £ U F £ )) norm of v £ is 
equibounded. We split the proof into three steps. 
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u £ (x) := 



First step. There exists a sequence (v £ ) C Hl oc (Q \ F £ ) such that 

(1) v s = v £ a.e. in Q \ (£ £ U 

( 2 ) II " £ |lifi(o'\_F=) ^ c II u£ H_ffi(o\(£;=uf ,E ))' 

for every open Lipschitz set SI' C fi such that dist(f2', <9f2) > fc e, where the constant c is indepen- 
dent of e. This can be done exactly as in Theorem 3.3. 

Second step. The sequence (v £ ) C Hl oc (fl \ F £ ) of the previous step is still a recovery sequence 
for Q e , i.e., 

(3) i £ ^u strongly in L 2 loc (Sl), 

(4) G £ (i £ )^^(u). 

Property (3) can be proved as in Theorem 3.3 while condition (4) follows immediately, since Q £ 
depends only on the behaviour of its argument in il \ E £ and v e and v £ agree on that set. 

Third step. There exists a sequence (u £ ) C SBV 2 (Sl) with S u e C E £ U F £ such that (i) and (ii) 
are satisfied. Define 

V(x) tfxen\E e , 

where w| is the mean value of v £ over Ef., for k = 1, . . . , iV(e). Then, for every Q' C il 

IK-« £ ll| 2 (o') = E / I^W-^I 2 ^- 
fe=l " / - E * 

By Poincare inequality, for every fc we have 

/ \i £ (x)-i £ k \ 2 dx<c(C n (E £ k )) 2 ' n f \Di £ (x)\ 2 dx, 

and C n (E k ) is of order e", hence 

iV(e) 

ll« e -« e Hi"(n'i ^ ce2 52 / |£>*> £ (aO| 2 da; < cs 2 / |W(x)| 2 dx<ce 2 . 

This entails that u £ — ^ u strongly in L 2 (Q!) and hence strongly in Lf oc (fl). Therefore, (i) is proved. 
Now, we prove (ii). Let us write explicitly the expression of !F £ (u £ ), 

T £ (u £ ) = f \Vu £ \ 2 dx + f f a J-)dH n - 1 (x)= f \Vu s \ 2 dx + a £ U n - 1 (S u s) 
Jn Js uC Jn\E? 

= f \Di £ \ 2 dx + a £ H n ' 1 (S u ,)^g £ (H E )+a £ H n - 1 (S u ,nE £ ). 
Jn\E' 

Notice that if we show that a e H n ~ 1 (S u e HE 6 ) = o(e) as e — > 0, then (ii) follows directly. Actually, 
we have 

a e W n_1 (S u . C\E £ ) < a £ N(e)P(E £ 1 Q £ ) = Ca^e^ 1 =Cy, 
and 2i£ = (e) as e — ^ by assumption. □ 

4. Supercritical regime: stiffer inclusions 

In this Section we consider the case a £ » e. We have previously shown that for a £ « e 
configurations exhibiting a high number of discontinuities are favoured by the energy. We will 
prove that on the contrary in this regime the energy penalizes the presence of jumps in the 
displacements. 

Before studying this case, we state and prove some technical lemmas which will be used in the 
following. 
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Lemma 4.1. Let us consider a sequence of measurable functions : £1 — > R + such that 

ak — > a m measure. 
Then, for every u e L 2 (f2) and for every sequence (uk) C L 2 (f2) suc/i i/iai 

Mfc — w weakly in L 2 (f2), 



/ au 2 dx < liminf / a^u\dx. 
Jn fe^+oc J n 

Proof. Let w e L 2 (fl) and Uk ^ u weakly in L 2 (f2). 
We can extract a subsequence (fcj) such that 

liminf / a^u\dx = lim / ak,u 2 k .dx. (4-1) 

From the convergence in measure of at to a we deduce that for every r\ > there exists a 
measurable set D v C Q such that £ n (D^) < 77 and 

|afcj ; — a| < t a.e. on \ 
for a suitable subsequence (a^ ) of (a^). By (4.1) we get 

liminf / a^u\dx — lim / a^. u\. dx > lim / . u\. dx 

> lim inf { / au\ dx — - f ui dx \ . 

i^+oc \ J nXDv ">* i Jn fe « J 

Using the lower semicontinuity of the functional L 2 (£l) 3 u — > au 2 dx with respect to the 

weak topology of L 2 , we have 



liminf / akU 2 dx> / au 2 dx 



in\D v 

for every 77 > 0. Letting 77 — > the claim follows. □ 

In the next lemma we state and prove a T-convergence result for an auxiliary functional that 
will appear in the proof of the main theorem of this section. 

Lemma 4.2. Let us fix < 5 < 5 < ^ such that Qg CC Qg. For every h e N, let I h : L 2 (Qg) — » 
[0, +00] be the functional defined as 

. [/ \Vw\ 2 dx + H n -\S w ) ifweSBV 2 (Q- s ),S w cQ s ,H n - 1 (S w )<±, 

1 (w) := < Jq s 



+00 otherwise in L 2 (Qg). 



Then the sequence I h T-converges with respect to the strong topology of L 2 to the functional 
1 : L 2 (Qg) — > [0, +00] given by 



I{w) := < Jq 



[ \Dw\ 2 dx ifweH^Qg), 
JQ-6 

+00 otherwise in L 2 (Qg). 



Proof. Let w <G L 2 (Qg) and let (wh) be a sequence converging to w strongly in L? and having 
equibounded energy l h . We claim that w G H 1 (Qg) and that 

liminf l h (w h ) >X{w). (4.2) 

Without loss of generality we can assume that ||w^||z,oo < c < +00. Indeed, if the claim (4.2) is 
proved in this case, then we can recover the general result in the following way. Let w € L 2 (Qg) 
and (wh) C L 2 (Qg) converging to w strongly in L 2 and having equibounded energy. For every 



DAMAGE AS T-LIMIT OF MICROFRACTURES 



11 



Now, by 

we have that for every I e N 



I G N let us define Ti(w h ) := (w h A I) V {—I). Since Ti(w h ) converges to T t w strongly in L 2 as 
h -» +00 and \\Ti(w h )\\ L °° < I, we have by (4.2) that Tiw E ^(Qg) and 

limmfl h (Ttiwh)) >2(T lW ). 

h—>+oc 

l h (Ti{w h )) <l h (w h ), 

liminfj' 1 ^) >J(T lW ). (4.3) 

Since (wh) has equibounded energy, this inequality implies that (Tiw) is equibounded in H 1 (Qg). 
Hence, there exists a subsequence (Ik) and a function v € H 1 (Qg) such that Ti k w converges to v 
weakly in H 1 (Qg), hence strongly in L 2 (Qg), as k — ► +00. From the uniqueness of the limit, since 
it; is the pointwise limit of Tiw, it follows that v = w, which entails that w € H 1 (Qg). 

In view of these remarks and of the lower semicontinuity of the Dirichlet functional, in (4.3) we 
obtain the chain of inequalities 

liminfZ' 1 ^) > limsupT^u;) > limsupX(T Z(c w) > liminf l{T h w) > l(w), 
which is exactly (4.2). 

So, from now on we will assume that | jtf fe| jz,°° < c < +00. Under this further assumption we 
can apply directly Ambrosio's compactness and lower semicontinuity theorems (see for instance [4] 
and [3]) in order to deduce the compactness for the sequence (wh) having equibounded energy and 
the liminf inequality. The fact that TL n ~ 1 (S Wh ) < j t ensures in particular that the limit function 
belongs to the Sobolev space H 1 . 

Finally, the existence of a recovery sequence for a function w € H 1 (Qg) follows immediately by 
taking Wh = w for every h € N. □ 

Next lemma contains a T-convergence result for the same functional as in Lemma 4.2, but 
taking into account Dirichlet boundary conditions. 

Lemma 4.3. Let (<ph),<p € H 1 ^ 2 (dQg) be such that p> h — > p strongly in H 1 / 2 (dQg). For every 
/i£N, let T'* h : L 2 (Qg) — > [0, +00] be the functional defined by 

f iVwfdx + H"- 1 ^) tfweSBV 2 (Q- s ),S w cQ s ,H n ~ 1 (S w )<±, 
Qs w^ip h on dQ s , (4.4) 

+00 otherwise in L 2 (Qg). 

Then the sequence (2£ h ) T -converges with respect to the strong topology of L 2 to the functional 
l v : L 2 (Qg) — > [0, +00] given by 

ifwe if^Qj), w = (pon 8Q S , 
otherwise in L 2 (Qg). 



I v (w) :- 




Proof. First step: proof of compactness and liminf. Let (wh),w G L 2 (Qg) be such that Wh — » w 
strongly in 1? and I^ h (wh) < c < +00. From the equality X^ h (wh) = I h (wh) and the previous 
lemma, we get that w € H 1 (Qg); moreover, 

liminf T£ (w h ) = \im Ml h (w h ) > l(w). 

h^oo Vh h— »oo 

It remains to show that w = ip on dQg. First of all we can notice that the bound I^ h (wh) < c < 
+00 implies that Wh = Ph on dQg. Moreover we have ||wVi||.H" 1 (Qy\Q,5) — c ' nence w h w weakly 
in H 1 (Qg \ Qg). This convergence entails in particular the convergence of the traces on dQg, that 
is, 

= (wh)\dQ- s -> w\ dQ . s strongly in L 2 (dQ s ). (4.5) 
Since p>h — > ip strongly in H 1 ^ 2 (dQg), from (4.5) we get the equality w = p on dQg. 
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Second step: limsup. Let w G H 1 (Qg) be such that w = ip on dQg. The surjectivity of the 
trace operator onto H 1 / 2 and the continuity of the inverse ensure that for every h & N there exists 
Vh G H l (Qg) verifying the equality Vh = ifh — f on dQ$ and the bound 

IKH/fMQj) - c W ( fi h ~ v\\Hi/ 2 (dQ- s )- 

From the assumption we have Vh — > strongly in i? . Let us define the sequence Wft = to + i^. 
It turns out that Wh = fh on dQg and that Wh — > w strongly in i? 1 . Therefore w/j is a recovery 
sequence for . □ 

Now we are ready to state and prove the main result of this Section. 
Define the functional T°° : L 2 (Q) -> [0, +00] as 



T°°{u) 




\Du\ 2 dx iniT^fi), 

otherwise in L 2 (S1). 

We will show that T°° is the T-limit of the sequence {T e ) in this case, that is, when a £ » e. 

Theorem 4.4 (Bound from below). Let u E L 2 (Vl) and let (u e ) be a sequence converging to u 
strongly in L 2 and having equibounded energy T e . Then u G and 

liminf^ £ (u e ) > T°°{u). (4.6) 

Proof. We remark that, as T e {u e ) is bounded, the functions u e can have jumps only in the set 
E £ UF £ defined in (2.2). 

We now classify the cubes Q £ k according to the measure of the jump set that they contain. 
More precisely, let us introduce a positive parameter (3 > that will be chosen later in a suitable 
way. We say that a cube Q\ is good whenever H n ^ 1 (S u ^ n Q%) < [3e n ~ 1 1 and bad otherwise and 
we denote with N\{e) and N 2 {s) the number of good and bad cubes, respectively. First of all we 
can notice that, by the fact that the sequence (u s ) has equibounded energy, we have in particular 
that there exists a constant c > such that a e H n ^ 1 (S U ' ) < c. From this we deduce an important 

bound for the number of bad cubes, that is N 2 (s) < -. We can write, from (2.1), 

a e e n x 

/N 1 (e) \ /N 2 {e) \ 

n = ( U ^ J U ( U ^ J U R ^ = : Ql^QlU R(e). (4.7) 

First step: energy estimate on good cubes. Let Q| be a good cube and consider 

F £ (u £ ,Q%):= [ \Vu £ \ 2 dx + a e n n - 1 {S u ,r\Ql). (4.8) 
J Q% 

Define the function v e in the unit cube Qk as u £ (e y) =: ^/a E ev 6 (y). In terms of v e , (4.8) becomes 

T e (u e ,Ql) ^a^- 1 ^^ \Vv £ \ 2 dx + H n -\S v eC\Q k )^, (4.9) 

with H n ^ 1 (S V E <~)Qk) < (3- In other words, by means of a change of variables we have reduced the 
problem to the study of the Mumford-Shah functional over a fixed domain, with some constraints 
on the jump set. From now on we will omit the subscript k. Let 5, 5 be such that Qs CC Q$ CC 
Qs CC Q. 

Let us consider the problem of finding local minimizers for the Mumford-Shah functional under 
the required conditions, that is 

(LMS) locminj J \Ww\ 2 dx + H n - 1 (S w ) : w G SBV 2 (Q S ),S W CEUF, W"" 1 ^) < /?J. 

According to the definition given in [13], we recall that a local minimizer is a function which 
minimizes the given functional with respect to all perturbations with compact support. Let us 
denote by Mp the class of solutions of (LMS). 
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For a given v E Mp, let us consider the function v solving 

Aw = in Qg 



(Dir) 



w = v in Q s \ Qg. 



We want to prove that for every 77 > there exists (3 > such that for every v <G Mp and for 
the corresponding v we have 

/ \\7i\ 2 dx < (1 + rj) I \\7v\ 2 dx. (4.10) 

Hence we will take such a (3 in the definition of good and bad cubes. 

Let us prove (4.10) by contradiction. Suppose (4.10) is false. Then there exists 77 > such that 
for every (3 > there exists v G Mp and a corresponding v for which 

/ \\7v\ 2 dx > (1 + ry) / \\7v\ 2 dx. (4.11) 
In particular (4.11) implies that for every h > there exists «/, £ Mi and Vh solution of (Dir) 

h 

with v replaced by Vh for which 

/ \Vv h \ 2 dx> + [ IV^I 2 ^. (4.12) 

Since Qg = (Q s \ Q$) U Qg, we can split the previous integrals and, using the fact that Vh = ih in 
Qs \ Qs we obtain from (4.12) 

f \Vv h \ 2 dx> (1 + 7]) [ \Vv h \ 2 dx + Ti( \Vv h \ 2 dx. (4.13) 

JQ S JQ- 6 JQ- 5 \Qs 

Since the problem defining Vh is linear, we can normalize the left-hand side of (4.13), so that we 
can assume 

1=1 \Vv h \ 2 dx> (1 + 7?) / \Vv h \ 2 dx + Tif \Vv h \ 2 dx. (4.14) 

JQs Jqs Jq- s \Qs 

This means in particular that 

/ \Vv h \ 2 dx <-< +00. (4.15) 

Jq- 5 V 

Without loss of generality we can assume that Jq.\q s i>hdx — 0; therefore, since Sy h d Qs? 

(4.15) implies that | I'Oft.l < c - Using the fact that Vh is harmonic in Q~ & \ Qs we get the 
convergence of the traces of Vh on <9Qj, that is 

fh ■= {ih)\dQ s -» <p strongly in H 1/2 (dQ s ). (4.16) 
At this point, let us consider the following problems: 

(Aw = Q mQ- 5 (Aw = in Qj 

1 )vh \w = <p h ondQg, [ )ip \w = <p ondQ- s . 

Clearly, Vh is the only solution to (Dir) iph for every h. Let us call v the solution to (Dir)^. From 

(4.16) it turns out that Vh — * v strongly in H l (Qg), hence, 

1= / \Vv h \ 2 dx-> [ \\7i\ 2 dx = l. (4.17) 

Notice that the functions Vh defined by the minimum problem (LMS) are absolute minimizers of 
the same functional over the same class once we fix the boundary data iph- Therefore they are 
absolute minimizers for the functional defined in (4.4). The T-convergence result proved in 
Lemma 4.3 gives the L 2 convergence of the sequence vt to the only minimizer of the functional 
X v , that is exactly v, and the convergence of the energies. 
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Now, if we let h — > +00 in (4.14) we obtain that 

1= [ \\7v\ 2 dx > (1 + n) [ \\7v\ 2 dx, 

which gives the contradiction, therefore (4.10) is proved. 

Let T) > be fixed; we choose (3 > such that the property (4.10) is satisfied and for every 
e > we consider the problem 

(MS) mini / \Vw\ 2 dx + H n - l {S w ) : w £ SBV 2 (Ql),S w c£UF, 

W" 1 ^) <f3,w = v £ on dQ 5 k \. 

For a minimizer v £ of (MS), let v £ be the corresponding function defined by (Dir), with v replaced 
by v e . We have that, as before, 



/ 

Jq\ 



Hence, in particular, 



Vv £ \ 2 dx < (l + n) / |Vw £ | 2 dx. (4.18) 
JQi 



( \Wv s \ 2 dx + H n - 1 {S v e nQ |fe ) > f |Vfi e | 2 da; + W n - 1 (S , e. nQ |fe ) 



where w e is the function in (4.9). Now define w e as u £ {ey) :— y/a E e v £ (y). By (4.9) and (4.19) we 
obtain 

I Vu £ \ 2 dx + tt.W"- 1 {S u e n (QfJ) > (l-^L-^jJ ^ |V« £ | 2 dx. (4.20) 

Second step: energy estimate on bad cubes. Let Q| be a bad cube. This means that (5„e n 
Q%) > j3e n ~ 1 . First of all, recall that we have a control on the number of bad cubes, that is, 

Q 

< r. The idea is to use the obvious inequality 

a £ e n 1 

[ \Wu £ \ 2 dx + a e H n - 1 {S u s f\Ql) > [ x £ s\^u £ \ 2 dx, 
JQ% JQ% 

where Xg 1S the characteristic function of the set Q%\Qs k an d ^ ne function u £ coincides with u £ 
in Q £ k \Qg k and is extended to Q £ s k in a way that keeps its H 1 norm bounded. 
Third step: final estimate. Let us define a new sequence w £ £ SBV 2 (£l) as 

' u £ mQ s f, 

w £ := I u £ in (Q £ g \Q £ - g )uR(e), 

k u £ in Q|, 

where Q £ , Q\ and i?(e) are given in (4.7) and Q £ - denotes the set 

Q% 9 ■■= U Qh- 

k=l 

Define also the function a £ : £1 — > R as 



a £ (x) := |° in 

I 1 otherwise ir 

vious steps we can write 
T £ {u £ ) >(^~ Y+~rj) j \^w £ \ 2 dx. (4.21) 



in £1 

From what we proved in the previous steps we can write 
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It remains to apply Lemma 4.1 to (4.21). First of all we show the convergence of a £ . We have 



/ 

Jn 



l\dx = £ n (Ql b ) = N 2 (e) e n £ n (Q s ) < c — , 



hence a £ — > 1 strongly in L 1 (fi). Once we prove that w £ u weakly in it turns out that 



liminf T £ {u £ ) > ^l-^-L—j J \ Du \ dx ' 

and the thesis follows letting rj converge to zero. 

Fourth step: convergence of w e . First of all it is clear from (4.21) and the choice of u £ that 
||Vw e ||^2( ) < c. Then, as in the proof of Theorem 3.1, the fact that w e and u £ coincide in a set 
with positive measure ensures the convergence. 

□ 

Theorem 4.5 (Bound from above). For every u G i^ 1 (SI) there exists a sequence (u £ ) such that 

(i) u £ — > u strongly in L 2 (fl), 

(ii) lim^u 6 ) =f°°(u). 

e— >0 

Proof. The thesis follows trivially by choosing u £ = u for every e > 0. □ 

5. Critical regime: intermediate case 

In this section we will analyze the case in which the fragility coefficient of the inclusions in the 
material and the size e of the periodic structure are of the same order. We can assume, without 
loss of generality, that ot e = e. So, the functional we are interested in is given by 



T £ {u) = 




Vufdx + eH^iSu) if ue SBV 2 (n),S u c E £ U F £ 

otherwise in L 2 (fl). 



As first step, we localize the sequence [T £ ), introducing an explicit dependence on the set of 
integration. More explicitly, for every u € L 2 (Q) and for every open set A € A(Cl) we define 

[ \Vu\ 2 dx + eH n ~ 1 (S u n A) if u e SBV 2 (A), S u c (E £ U F £ ) n A, 
T £ {u,A) :=) J A K ' 

+oo otherwise in L 2 (Q). 

For a fixed u E L 2 ( fl) we can extend the localized functional we have just defined to a measure 
(!F £ )*(u, •) on the class of Borel sets B(£l) in the usual way: 

{T £ )*{u,B) :=inf {T £ {u,A) : A e A(Q), B C A). 

5.1. Integral representation of the r-limit. In this subsection we are going to prove that 
the sequence {T £ ) T-converges to a functional f hom , and that this limit functional admits an 
integral representation. A preliminary result is given by next theorem, in which we prove the 
T-convergence of a suitable subsequence of (!F £ ). 

Theorem 5.1. Let e be a sequence converging to zero. Then there exist a subsequence (<j(e)) and 
a functional T^ om : L 2 (tt) x A(Q) -» [0, +oo] such that, for every A G A(Q), 

jrhom,^ A s = r-limJT^)(.,A) 

in the strong L 2 -topology. Moreover, for every u G L 2 (fl), the set function T^ om {u,-) is the 
restriction to A(Q) of a Borel measure on fi. 

Before giving the proof of this theorem, let us introduce some definitions and results that will 
be used in the following. For further references see [12]. 
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Definition 5.2. Let (G e ) be a sequence of functionals on L 2 {Q). Define the functionals G',G" : 
L 2 (fl) -> M as follows: 

G" : = r- lim inf G £ and G" := r-limsupG e . 

Definition 5.3. We say that a functional G : L 2 (f2) x A(fl) — > [0, +oo] is increasing (on .4(0)) if 
for every u e L 2 (£l) the set function G(u, •) is increasing on .4(0). 

Definition 5.4. Given a functional G : L 2 (il) xA(£l) — > [0, +oo], wc define its inner rcgularization 
as 

G_(u,A) := sup {G(u, B) : B e A(fl),B CC A]. 
Observe that if G is increasing, then also G_ is increasing. 

Definition 5.5. We say that a sequence G e is T-convergent to a functional G whenever 

G = (G')_ = (G")_. 

We have the following compactness theorem. 

Theorem 5.6. Every sequence of increasing functionals has a T-convergent subsequence. 

Next Theorem provides an extension of the fundamental estimate to SBV 2 . The proof follows 
easily from [10, Proposition 3.1], but we will include the details for the convenience of the reader. 

Theorem 5.7 (Fundamental estimate in SBV 2 ). For every rj > and for every A' , A" and B 
€ A(fl), with A' CC A", there exists a constant M > with the following property: for every 
e > and for every u e SBV 2 (A") such that S u C (E £ U F e ) n A", and for every v e SBV 2 (B) 
such that S v C (E £ U i^ e ) n B there exists a function <p € Gg°(0) wif/i = 1 in a neighbourhood 
of A', sptip C A" and < ip < 1 smc/i i/iai 



f^ii+tl-^^i'UB) < (l + » 7 ).F s (u,A") + (l + »?).F e (v ) B)+M ^ \u - v\ 



dx, 



where T := {A" \ A') n B. 

Proof. Let 77 > 0, A' , A" and _B be as in the statement. Let A\, . . . Ak+\ be open subsets of K™ 
such that A' CC A\ CC ^2 CC • • • CC Ak+i CC A". For every i = 1, . . . , k let ipi be a function 
in Cg°(fi) with ^ = 1 on a neighborhood of Ai and spt</? C A i+ i. 

Now, let u and v be as in the statement and define the function u>i on A' U B as := 
<^iU + (1 — <£>i)i> (where u and v are arbitrarily extended outside A" and B, respectively). For 
i = 1, . . . , k set Tj := (A i+1 \ Aj) n B. We can write, for fixed e > 0, 

f(»i,A'uB)= / I Vu^ | 2 dx + e H 71 ^ 1 (S m n (A' U B)) 

= (A' UB)n A*) + (^ £ )*(^ B \ A i+1 ) + T e {w t ,Tj) 

< F £ (u,A")+F e (v,B)+F e {w i ,T i ). (5.1) 

We can write more explicitly the last term in the previous expression as 
F e ( Wi ,Ti) = J \ip t \7u + {l-<p i )Vv + \7tp l {u-v)\ 2 dx + eT1. n - 1 (S w ^T i ) 

< J \< Pi Vu+{l-y i )Vv + V<p i (u-v)\ 2 dx + eH n -\S u r\TA+eH n -\S v r\T i ) 
=:/fm). (5.2) 
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We would like to control If{T{) by means of £ ra (7j). Let us define M k := max^Kt ||V<^|||oo. 
Hence 

If(Ti)<2 \<p l Vu+(l-ip l )Vv\ 2 dx + 2 \Vip l (u-v)\ 2 dx + 

JTi JTi 

+ eW-^nTi) +eH n - 1 (S v nT l ) 
<2 / \\7u\ 2 dx + 2 [ \\7v\ 2 dx + 2 [ \ V<fi \ 2 \u - v\ 2 dx + 

JTi JT; JTi 

<2T £ {u,T i ) + 2T £ {v,T l ) + 2M k J \u - v\ 2 dx =: J £ (T,). (5.3) 

Now, let io € {1, . . . , fc} be such that Ti realizes mini<i<fe J £ (Ti). Then, being J £ a measure, we 
have 

J £ (T 40 )<^J e m)<ij e (T). (5.4) 

Notice that io = io{e), it depends on e. 
Combining together (5.1)-(5.4), we get 

T e {w la ,A'\JB) < F £ (u,A")+F s (v,B) + \j £ {T) 

= T £ (u,A")+T £ {v,B) + \T £ {u,T) + \T £ {v,T) + \M k f \u-v\ 2 dx 

<T £ (u,A")+T £ {v,B) + \T £ {u,A") + \T £ (v,B) + \M k f \u - v\ 2 dx. (5.5) 



Now, since the choice of the number k of the stripes between A' and A" is completely free, we can 
assume that k is such that | < rj. Hence k = k(rj). Let us define M v := \M k \ then in (5.5) we 



have 



F £ (w l0 ,A'(JB) < {l + r 1 )F £ (u,A") + {l + r,)F s (v,B) + M ri J \u-v\ 



2 dx, 



IT 

which is exactly the claim. □ 

Now we are ready to give the proof of Theorem 5.1. 

Proof of Theorem 5.1. Since for every e > the functional T £ is increasing, we deduce by Theorem 
5.6 that there exist a subsequence (<r(e)) and a functional jF^ om : L 2 (il) x A(fl) — > [0, +oo] such 
that T^ om = r(L 2 )-lim £ ^ ^ ,T(£) . We put a subscript a in order to underline that the limit 
functional may depend on the subsequence. Now define the nonnegative increasing functional 
J : L 2 (Q) x .4(0) — > [0, +oo] as 



J(u 



A) = \j A \Vu\ 2 dx iiu^eH^A), 
[+oo otherwise. 



Clearly, J is a measure with respect to A. Moreover < T"^ < J for every e > and the 
fundamental estimate holds uniformly for the subsequence {T aty£) ) by Theorem 5.7. Then we can 
proceed as in [12, Proposition 18.6] and we obtain that 

J*T{u,A) = {^ om )'{u,A) = (T h a om )"{u,A) 

for every u £ L 2 (0) and for every A e .4(0) such that J(u, A) < +oo. 

Fix A e .4(0). As we noticed in Theorem 3.3, we have the bound ;F CT ( £ )(-, A) > Q< e "> (-, A), with 
G< £ "> defined in (3.3). Hence by Theorem 3.1 the T-limit of T a( - £ "> (-, A) is finite only on t/ 1 ^ 4 ), 
which is the same domain where J(-,A) is finite, and is given by j u ^ om {-,A). This proves the 
stated convergence of a subsequence (j 7 * 7 ^). 
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Finally, T e {u, •) is the restriction to A(fi) of a Borel measure on fl. Then, by Theorem 5.7 and 
[12, Theorem 18.5] we have that for every u £ L 2 (il) the set function !F^ om (u, •) is the restriction 
to A(Q) of a Borel measure on ft. □ 

Now we show some general properties for the T-limit of T £ ', even if, up to now, we have proved 
the convergence only for a subsequence. The fact that the whole sequence converges will follow 
from the characterization of the T- limit, which will depend only on the gradient of the displacement 
and not on the subsequence a(e). From now on let us assume that we have already proved it and 
postpone the proof to the end of the section. Hence we can omit the subscript a and call F hom 
the T-limit of the whole sequence (J 76 ). 

Lemma 5.8. The restriction of the functional P wm : L 2 (0) x A(Sl) -> [0, +oo] to H 1 ^) x A{fl) 
satisfies the following properties: for every u, v £ H (Q.) and for every A £ A(£i) 

(a) T hom is local, i.e., T hom (u,A) = T hom {v,A) whenever u\ A = v\ A ; 

(b) the set function T hom (u, •) is the restriction to A(Q) of a Borel measure on f2; 

(c) T hom (-,A) is sequentially weakly lower semicontinuous on 

(d) for every a £ R we have T hom {u, A) = T hom {u + a, A); 
(c) F hom satisfies the bound 



< F hom {u,A) < J \Du\ 2 dx. 



Proof. Properties (a) and (c) follow from the fact that T hom (-,A) is the T-limit of the sequence 
T e {-,A), while (b) comes from Theorem 5.1. For property (d) we can proceed as follows. Let 
u £ A £ A{£1) and consider a recovery sequence (u £ ) C L 2 (il) n SB V 2 (A) satisfying the 

usual constraints for the jump set, converging to u strongly in L 2 (f2) and such that (F e (u £ , A)*) 
converges to T hova (u, A). Then (u £ + a) converges to u + a in L 2 (ft) and 

T hom (u + a, A) < lim inf T £ (u £ +a,A)= lim inf T £ (u £ , A) = T hom (u,A). 

On the other hand, P lom (u,A) = T hom ((u + a) + (-a), A) < T hom {u + a,A), hence (d) is proved. 
For property (e), we just recall that the T- limit of the sequence {T £ ) is bounded from above by 
the Dirichlct functional, since that value is reached by a special sequence. □ 

Next theorem shows that the functional p '" 1 admits an integral representation. 

Theorem 5.9. There exists a unique convex function f : R™ — > [0, +oo[ with the following prop- 
erties: 

(i) < /(0 < |C| 2 for every £ e « n ; 

(ii) T hom (u, A) = I f(Du) dx for every A £ A(Sl) and for every u £ H 1 (A). 

J A 

Proof. Notice that the functional T hom satisfies all the assumptions of [12, Theorem 20.1], so 
thanks to Lemma 5.8 the Caratheodory function / : fi x R" — > M defined as 

tf n v F hom (Z-x,B g (yj) 

/(y,0:=hmsup £n(gg(y)) (5-6) 
provides the integral representation 

T hom (u,A) = [ f{x,Du)dx 

J A 

for every A £ A{£t) and for every u £ L 2 (Q) such that u\ A £ H 1 (A). Moreover the same theorem 
ensures that for a.e. x £ D, the function f(x, •) is convex on M™ and that 

< f(x, < |^| 2 for a.e. x £ and for every (eM" 



DAMAGE AS T-LIMIT OF MICROFRACTURES 



19 



It remains to show that / is independent of the first variable. Using the definition (5.6), it is 
sufficient to prove that for every y, z £ f2 and £ e W l and for every g > 0, we have 

T hom {£, ■ x, B e {y)) = T hom {t ■ x, B e {z)). (5.7) 

Hence, let us fix y, z <E SI and £ <E fi" and g > 0; being !F hom (■ , B e (y)) a r- limit, there exists a 
recovery sequence (u £ ) C SBV 2 (B e (y)) satisfying the usual constraint on the jump set, such that 
u £ — > strongly in L 2 (0) and 

lim . x + B c (y)) = ^ om (£ • x, B e {y)). 

Without loss of generality we can assume (u £ ) C SBVQ(B e (y)), where the subscript denotes 
the functions vanishing on the boundary. Indeed we can always reduce to this case by means of a 
cut-off function. Now let us define the vector t £ <G R™ as 



t := e 



y 



where the symbol [•] denotes the integer part componentwise. Extend u e by zero out of B e (y) 
and define the new sequence v E (x) := u £ (x — t £ ). It turns out that S v e C E £ U F £ ; moreover 
v £ is identically zero out of B e (y) + t £ and it converges to zero strongly in L 2 (Q). Observe that 
for small enough e and for every r > 1 we have that B e {y) + t £ C B rg (z). Hence the sequence 
£ • x + v e gives a bound for T hom {S, ■ x, B e {z)), that is 

f hom (Z ■ x, B e (z)) < T hom {£, ■ x, B rg (z)) < liminf F £ (£ ■ x + v £ , B rg (z)) 

c— >0 

= liminfj/ If + Vv £ \ 2 dx + eU^iSye n B rc (*)) 1- (5.8) 
£ -° Us re (*) J 

We can rewrite the last line of (5.8) in terms of u £ , and so we get 

T hom (t-x,B e (z))< liminfj / |£ + \7u £ \ 2 dx + \Z\ 2 C n (B re \ B e ) + eff"- 1 ^ n B e {y))\ 
£ -° I J 

= ^ lom (e • I, B g (y)) + \C\ 2 £ n (B re \ B e ). 

Now, if we let r — > 1 we have that !F horn {^ . x, B e {z)) < F hom (£ ■ x , B e {y)). The reverse inequality 
can be deduced in the same way, hence the claim follows. □ 

5.2. Homogenization formula. Once we have shown that the T-limit of the sequence {T £ ) 
admits an integral representation, it remains to characterize the limit density. We will prove that 
it solves an asymptotic cell problem. 

We define the function fhom ■ R" - * [0, +oo) as 

fhom(Z)--= lim ^infj / \^ + \7w\ 2 dx + H n - 1 (S w ):weSBV 2 ((0,t) n ),S w cEUF\ 

t^+oc t I J(0,t) n J 

(5.9) 

where, according to the notation used so far, we have 

E:=(E + Z n ), F:=(F + Z n ). 
Theorem 5.10. The function fhom in (5.9) is well defined, that is the function 



g(t) := 1 inf j j ^ \£ + Ww\ 2 dx + H n ~ 1 (Sw) ■ w e SBV 2 ((0,t) n ),S w C EU f| (5.10) 
admits a limit as t — > +oo. 

Proof. Let ^eR" and let t > 0; by definition of g, there exists a function u t e SBVq ((0, t) n ) 
that 

^ { J o t + Vu t \ 2 dx + W" _1 (S' Ut )| < g(t) + j. 



with 5„ t C EU F such that 
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Fix s > t and define a subset of N n as 

K := {k={k 1 ,...,k n ) G N" : < ([t] + l)k 3 < s, for j = l,...,n}. 

Then, we define the set J := ([i] + Now, consider the function u s : M™ — > M defined in the 

following way: 

'ttt(ar-i) if x G i+ (0,t)",i G /, 



u s (x) := 



otherwise. 



The fact that we performed a translation by integers and the Q-periodicity of the jumps for the 
function u t entail S Us C E U F. Moreover, u s vanishes on the boundary of (0, s) n . Hence, u s is a 
competitor for g(s), and so 

9{s)<\{ I \t + Vu s \ 2 dx + H n -\S Us )\. 
s U(M" > 

Define the set R\ C (0, s) n as 

i2?:= (0,«r\U(i+(0,*) n ). 
iei 

Since for the cardinality of the set I we have 



- K |/| = 



([t] + l) n ' ' VL[i] + lJ; " ([t] + l)« 

then it turns out that 



— TTTTTTv^' (5-11) 



= .» - ([^]) V < ,» - V. (5.12) 



-M + uv - y [t] + 

Notice that u s = on i?f and that S Us fl i?f =0; therefore 



S 1 igj •'i+(o,t)» ieJ 

= ±-\c n (Rt)\e+j2 [ \^+vu t \ 2 dx+j2n n - i (s Ut n(o,tr)\. 

Using (5.11) and (5.12) we obtain, finally, 

*)^(«n)*i4'-m"(ilT)} 

Taking first the upper limit as s — > +oo and then the lower limit as t — > +oo we get 

limsupg(s) < liminf g(t), 

and this concludes the proof. □ 

Next theorem shows that the T-limit of the sequence (F £ ) can be expressed in terms of the 
homogenization formula (5.9). 

Theorem 5.11. The function f appearing in the expression of the limit functional J rhom and the 
function fhom defined by the asymptotic cell problem coincide, i.e., for every £ G W 1 it turns out 
that 

f(0=fhom(0. 

Proof. First step: f > f hom . 

Let £ G W 1 and define u^(x) := £ • x for every x G K™. By definition of T-convergence, there 
exists a recovery sequence u £ C SBV 2 (Q) with S u ? C (E £ U F £ ) n Q, such that u 6 — » strongly 
in L 2 (Q) and 

Iim^(« e , Q) = F hom {u(:,Q) = /(£). 

e— >0 



DAMAGE AS T-LIMIT OF MICROFRACTURES 



21 



Let us write u £ =: u ? + v £ , where v £ C SBV 2 (Q) and v £ — > strongly in L 2 (Q). Without loss of 
generality we can assume w £ G SBVq{Q). Hence 

f(0 = limT £ (u s +v £ ,Q) = lim\ f \£ + Vv e \ 2 dx + eH n -\S v e) \. (5.13) 
£ ^° £ ^° [Jq J 

Now, let us define the function w £ G SBVq{Q/s) as 

w e (x) =: ew £ (^-^j. 

Remark that S w e c£UF. Then, rewriting (5.13) in terms of w £ we obtain 
/(0 = lim e"( / |C + V W £ | 2 dx + W"" 1 ^)} 

> linie"inf j ^ i |£ + Vw| 2 dx + H"" 1 ^) : tu e SBV 2 ((0, l/e)"), C £ U fJ 

fhom{^)- 

Second step: f < fhom- 
Let and I G N; consider a function w G SW 2 ((0, l) n ), with S w C E U F, such that 

/ |? + Vufdz + W"- 1 ^) 
J(o,0" 

<inf(/ |£ + V«| 2 da; + W n - 1 (S'„) : v G SBF 2 ((0,I)"),S„ C £ U f) + 1. (5.14) 
I J(o,i) n J 

Let us define the sequence u £ : Q — > R as 

w e (x) := £ • a; + e w^— ^ , 

where w denotes the function defined in the whole R™, obtained through a periodic extension of 
w. We have that T £ (u £ , Q) < +oo, being S u e c E £ U F £ , and that u £ converges to £ • x strongly 
in L 2 (Q). Moreover 

T £ {u £ ,Q)= j \\7u £ \ 2 dx + eH n - 1 (S u ^)^e n ^J |£ + Vufdx + ^-^S^j. 

Now, in order to use the periodicity of w, we can write the domain Q/s as union of (suitably 
translated) periodicity cells (0,l) n . Assume for simplicity that Q/s is covered exactly by an 
integer number of these cells, that is by l/(le) n cells. Indeed, the integral over the remaining part 
of Q/s is a term of order l/(Ze)™ _1 
Using (5.14), we get 



F £ (u £ ,Q)= ±\ I \i + Vw\ 2 dx + K l - 1 (S w ) 
1 I ■i(o,i) n 



< 1 inf | ^ ^ |£ + Vifds + TT 1 ^,) : « € SW 2 ((0, Z)"), ^ C £ U #| + 1. 

Taking first the lim sup of both sides as e — > and then letting I — > +oo we obtain 

lim sup J" £ (u £ , Q) < fhom($), 

hence the claim is proved. □ 

Notice that from this theorem we deduce that the whole sequence (T £ ) T-converges, since the 
formula for the limit energy density does not depend on the subsequence. 

Up to now we have proved that the T-limit of the sequence T £ can be expressed through an 
asymptotic cell problem. Nevertheless it is desirable to give a more explicit description of the 
density fhom and this will be partially done in the next lemmas. 

Lemma 5.12. The functional p wm is not a quadratic form. 
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Proof. First step. For every (gM" the following estimate holds: 

M ■ £ < homti) < M ■ £ + P(E, Q), (5.15) 

where P{E, Q) denotes the perimeter of the set E in Q, according to the notation introduced in 
Section 2. 

Indeed, the lower bound follows from (3.10) and Remark 3.4. For the upper bound, by the 
definition of r-limit it is sufficient to find a sequence u £ C SBV 2 (il) with S u e C E e U F £ and 
converging to :— £ ■ x strongly in £ 2 (£1), such that 

\imT e {u e ) = A £ -Z + P(E,Q). 

To this aim, we just take as u £ the recovery sequence introduced in the proof of Theorem 3.5. 
Second step. For every {0}, we have 

AoC-^iei 2 . (5.16) 

Indeed, for £ ^ 0, we have 

A £ • £ = min { / | £ + Vw(y)\ 2 dy : w e SBV^(Q), S w cEuf\ 

1 JQ\E ' 

< [ \t,\ 2 dy = C n (Q\E)\tf <\£,\\ 

JQ\E 

since < C n (Q \ E) < C n (Q) = 1. 

Third step. For every £ e R" \ {0} we have 

fhamW^Aot-S. (5.17) 

To prove (5.17) it is enough to show that, for every £ ^ and for every admissible sequence u £ 
converging to = £ • x strongly in L 2 (fl), we have 

limsup.F^u 6 ) > C n (Sl) A £, ■ £. (5.18) 

e-»0 

We can restrict to the case T e {u e ) < +oo, otherwise there is nothing to prove. For the sake of 
simplicity, let us assume that = Q. We will treat separately the case in which u e has no jumps 
and the general case. 

Case S u e = for every e > 0. Being T £ (u e ) — Jg \\7u e \ 2 dx < +oo, we have that the sequence 
(u 6 ) is bounded in iJ 1 (Q). In particular this implies that Vu e — ^ £ weakly in L 2 (Q). By the 
weakly lower semicontinuity of the Dirichlct integral we deduce that 

|£| 2 < liminf F £ {u e ), 

which together with (5.16), gives (5.18). 

Case S u <s 7^ for some e > 0. Let us fix (3 > independent of e and classify the cubes 
Q| according to 'H n ~ 1 (S u s n Q%) being smaller or larger than f3e n ~ 1 . From what we proved 
in Theorem 4.4, it is possible to choose the parameter (3 in such a way that the cubes where 
H n ~ 1 (S u s n Q|) < f3e n ~ 1 can be assumed to be undamaged. 

Hence we can divide the cubes Q e k in two classes: the undamaged cubes and the ones such that 
H n ^ 1 (S u ^ n Q\) > f3e n ~ 1 , where (3 > is a small constant, independent of e. Denote by Nd(e) 
the number of damaged cubes. From the expression of the functional no bound for Nd(s) can be 

derived, i.e., it may happen that H n ~ 1 (S u e n Q e k ) > [3 e n_1 for every k = 1 , N(e). In any case 

it is clear that e n Nd{e) is a bounded quantity. According to the behaviour of Nd{e) as e — > 0, 
three different cases may arise. 

1) Assume that the number of damaged cube is small, that is 

limsupe"^V d (e) = 0. (5.19) 

Define the function a £ : Q — + R as 

_ . . I in the damaged Qi , 
a e (x) := < k 
I 1 otherwise in Q. 
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From (5.19) we have that a £ — > 1 strongly in Now, 

T £ (u £ ) = f \Vu e \ 2 dx + s7V l - 1 (S u e) 
JQ 



[ a £ (x)\Vu £ \ 2 dx + (3e n N d (e). 

JQ 



> 

>Q 

Then, taking the lim inf as e — > we get 

liminf FHu 5 ) > |£| 2 , 

so also in this case (5.18) follows from (5.16). 

2) Assume that the number of damaged cube is high, that is 

liminf e n N d (e) = C > 0. (5.20) 

In this case we can say that, for e small enough, we have e n Nd{e) > C/2. Hence, recalling the 
definition (3.3) after a suitable extension of u £ in E £ , we have 

T £ {u £ )= [ \Vu £ \ 2 dx + eH n -\S u s) > G £ (u £ )+(ie n N d (e) > g £ (u £ )+^. 

JQ 1 

Then, taking the liminf as e — > we get by Theorem 3.1 

liminf ^ £ ( U £ ) > AoZ-t + p^, 

so also in this case (5.18) holds. 

3) Finally, let us analyze the intermediate case. Assume that 

liminfe"7V d (e) = 0. 

and 

limsupe"iV d (£) = C > 0. 

Consider a subsequence e k such that 

lim e n k N d (e k ) = limsupe"Ar d (e). 

k — >oo e >q 

Then, we can apply the result of the previous case to this subsequence and we get 

C 

lim sup T ek {u e ") >A £ •£ + /?-. 

fe^oo 2 

Being the lim sup of the whole sequence bigger or equal to the lim sup of a subsequence, we have 
the thesis (5.18). 

Fourth step. Assume by contradiction that fhom is 2-homogeneous. Hence replacing £ with A£ in 
(5.15) we have that, for every Ae R, 

A 2 Aot ■ £ < \ 2 f ho m(0 < A 2 A £ • £ + P(E, Q). (5.21) 

Dividing by A 2 and letting A — > +oo one gets 

jWO = ■ £, 

which is in contrast with (5.17). This shows that fhom is not 2-homogeneous and therefore T hom 
is not a quadratic form. □ 

Remark 5.13. The estimates (5.15) and (5.17) proved in the previous lemma can be summarized 
by the formula 

A>£- ^ J WO < min{|C| 2 , M- £ + P(£,Q)}, (5.22) 
that holds true for every (eM" \ {0}. 

It is clear that there exists a threshold M > such that 

A £ • £ + P(E, Q) % \i\ 2 for every |£| > M. (5.23) 
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Condition (5.23) together with (5.22) entail in particular that 

ho m (0 $ ICI 2 for every |£| > M, 

that is, for |£| sufficiently big, the limit density is strictly smaller than |£| 2 . 
The situation is clarified by the following figure 



Figure 2. Limit energy density 
ft is not yet clear the behaviour of fhomiO f° r l£l very small, but we expect that 

, . fhom (£) -, 

hm — — — = 1. 

ICHo |C| 2 

Lemma 5.12 shows also that the functional T hom is not a quadratic form and it is not even 
2-homogeneous. Next lemma clarifies how 2-homogeneity is violated. 



Lemma 5.14. For every £ € R™ and every A > 1 we have the inequality 
while for every £ G K" and every < A < 1 we have the reverse inequality 

fhom{A£) > A 2 // lom (C)- 



(5.24) 
(5.25) 



Proof. Let £ e R n be given and let w € SW 2 ((0, t) n ) with S w d EUF. Consider A > 1 and set 



-- Aw. Clearly it turns out that w x e SBVrf((0, t) n ) and S Wx C E U F. Moreover 
/ le + Vufdx + tt"- 1 ^) > 4 ( / \\t + Vw x \ 2 dx + H n - 1 (S w> 

J(0,t) n A I J(0,t) n 



(5.26) 



Now, if we take the infimum of both sides of (5.26) over all w £ SW 2 ((0, t) n ) with S w C EUF, 
we divide by t n the resulting expression and let t — > +oo, we obtain exactly (5.24), using the 
definition (5.9). 

Proceeding in a similar way we get the reverse inequality (5.25) in the case A < 1. □ 

6. Appendix 

In this appendix we present an alternative proof of Theorem 4.4 in the case of a two-dimensional 
domain Q. This proof is based on the maximum principle, which allows us to estimate the local 
opening of the crack in a small ball surrounding the crack. It is therefore strictly bidimensional. 
A similar method can be found in [11] and in [14]. 

We use the same notation as in the previous sections. In particular we denote with Q := (0, l) 2 
the unit cube and with Q$ CC Q$ CC Q the concentric cubes with distance 5 and 5 from dQ, 
respectively. Let E, F C Qs be the sets where a crack may appear, satisfying the assumptions 
required in Section 2. Let us fix a boundary displacement on dQg, given by the trace of a function 
ip £ H 1 (Q), and let < (3 < (S — 5)/2 be a parameter. 
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Let v be the clastic solution corresponding to the datum ip, that is the solution to the problem 
(Dir) min | J \\7w\ 2 dx : w G H 1 (Q^), w = fon dQ^, 
and let v be a solution to the problem 

(MS) mini / \Vw\ 2 dx + H 1 (S w ):weSBV 2 (Q s ),S w CEUF, 

H\S W )< (3 ,w = ip on 8Q S \. 

The main result of this section is the following. 

Theorem 6.1. For every (3 small enough, there exists a constant uj{[3) > with w(/3) — > as 
(3 — > such that the functions v andii defined by the problems (Dir) and (MS), respectively, satisfy 
the following relation: 



[ IVvfdx + H^Si,) > (l-w(/3)) / \\7v\ 2 dx. 
Jq s Jq. 



(6.1) 



Remark 6.2. Theorem 6.1 ensures that if a function has a "small" jump set, then it can be 
replaced with a function which has no discontinuities, up to a "small" error in terms of the energy, 
depending on the measure of the jump set. 

This is exactly what we proved in (4.10) within Theorem 4.4. As we have already noticed, the 
proof of Theorem 6.1 works only in dimension 2, but it has the advantage of being more direct. 

Proof of Theorem 6.1. Let v be a minimizer for the problem (MS) and let us set 

r := S<>. (6.2) 

We notice that we can arbitrarily change the (constant) values of the function v in the regions 
where the gradient is zero, and the resulting function is still a minimizer for the same problem. 
So our first step is to fix the constants in these regions. 

Properties ofT. We shall split T in two parts, called T* and T \T*, where T* will be related to 
the sets on which v is constant. 

Let G C Q~ s be a set having finite perimeter in Q$, maximal with respect to inclusion, such 
that d*G CT. Assume that C 2 (G) > 0. 

It is easy to show that the function v is constant in G. In fact otherwise we can define, for a 
constant c€K, the function 

v in Q~ 5 \ G, 
c in G. 



w := 



It turns out that w is still a competitor for (MS) and that its energy is strictly smaller than the 
energy of v, which contradicts the minimality. Hence v is constant in G. In view of this, we may 
also assume that if x € T \ d*G, then x is not a point of density 1 for G. Otherwise we would get 
[v](x) — 0, where [v](x) denotes the difference of the traces of v at x. 

Let us divide G in the union of its indecomposable components according to [5, Theorem 1], 
i.e., let (Gj)jgN be a family of sets with finite perimeter such that G = Ui^Gi, 7i 1 (9G) = 
T,ieN nl ( dG i)i c2 ( G h n G k ) = 0, li 1 {d*G h n d*G k ) = for every h^k, and such that for every 
k e N the set G k cannot be written as G k = G{ U G\ with C 2 {G\ n G 2 k ) = and H 1 {d*G k ) = 
n 1 {d*G\)+n 1 {d*G 2 k ). 

Let us set 

oo 

r, :=d*G= \Jd*Gj. 

Choice of minimizers for (MS). Let us choose the minimizer v by requiring 

ess- inf i + < i)i G . < ess- sup i + , (6.3) 

3 O'Gi 
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where v + denotes the trace of v external to Gj. In this way we have imposed a constraint on the 
constant values of v in the connected components of Qg that do not touch dQ$. 
Comparison between v and v. We now prove (6.1). First of all we have that 



f (\Vv\ 2 -\Vv\ 2 )dx = [ (Vv-Vv)(Vv + Vv)dx 
Jq s Jq s 

= / (Vv -Vv)Vvdx. (6.4) 



The last equality follows from 

(Vi - Vfl) Vi dx = 0, 



/ 

Jq 



that is the Euler-Lagrange equation satisfied by v, using as test function v — v. Integrating by 
parts (6.4) we get 



/ (\Vv\ 2 - \Vv\ 2 )dx = - f (i-v)Avdx + f (i-v)^dH 1 

[vjdH 1 . (6.5) 



'Qt 
dv 

dv 

Notice that in the right-hand side of (6.5) the first two terms vanish because v is harmonic and 
v = v on dQg. Therefore, (6.5) reduces to 

/ (|V«| 2 - \Wv\ 2 ) dx = - f ^[v]dH\ (6.6) 
JQ g Js* ° v 

We want now to give an estimate of the last term in the previous expression. For the normal 
derivative of v, using the harmonicity of v we get 

dv 

— <sap\Vv\<C(5,8)\\Vv\\v (Qg) . (6.7) 

O v Qs 

It remains to estimate J s _ \ [v] \ dH 1 . 

Estimate for the jump of v. Let us fix x £ S$ and let us define the set 

C(x) := {r £ [0,2/3] : 9B r (i)n5 { = 0}. 

As H 1 (S'«) < (3, we conclude that 

H 1 (C(x)) > (3 

and this estimate holds true for every x £ Sy . 

Let us now take r £ C(x), £, ( £ dB r (x). Let us consider the angles <p, tp £ [0, 2n) such that 

£ = x + (r cosip, r sin^), ( = x + (r cosi/>, r sin^>), 

and assume for instance that tp < ip. Then we can write 

pip f' 1 ^ 1/2 

KO-«(OI - \J d*v{r,$)d&\ < Vv^(j \dMr^)\ 2 d^j . 

Using the fact that d$ — —rsin-ddi + r cos and the bound (ip -~ ip) < 2tt, we have 

a"P \ 1/2 / r 2 71 \ 1/2 

r 2 \Vv\ 2 ddj < c(j r 2 |Vv| 2 di?J . 

Hence, since the previous estimate holds true for every £, ( £ dB r (x), we have 

4= sup - t)(C)| < c f / r|Vw| 2 di?) 1/2 . (6.8) 

V r £,Ce9B r (x) v Jo y 

Maximum principle. For every x £ S$ and for a.e. r G C(x) we have 

|[0](aOI< sup |t)(0-0(C)l- (6-9) 
j,Ceas r (x) 
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Indeed, we can define the new function 

{m r V (M r A 0) in B r (x), 

v otherwise in Qg, 

where 

m r :— min v and M r :— max v. 

dB r (x) dB r (x) 

The function w r is still a competitor for the minimum of (MS) and it coincides with v by (6.3). 
Hence either v r = v, or the energy associated to v r is greater or equal to the energy corresponding 
to v. Since, by definition, the truncation reduces the energy, we conclude that v r = v. This gives 
immediately that v satisfies the maximum principle in the ball B r (x), hence (6.9) is satisfied. 
From (6.8) and (6.9) we obtain the inequality 

1 / f 2 ^ \ !/ 2 

— \[v](x)\<c(j r\Vv\ 2 ddj . 
Squaring and integrating over C(x) yields 

\[v]{x)\ 2 [ -dr<c [ [ \X7v\ 2 rdrdti. 
Jc(x) T Jc(x) Jo 



Since C(x) C [0, 2/3], we have 



'C(x) 

hence we deduce 

1/2 



[v]{x)\ <c( [ \Vv\ 2 dz) ] 



for H 1 -a.e. x £ Sy. Moreover, since /? < (S — S)/2, we have that B 2 fj(x) C Q$ for every x <G S v , 
so that 

\[v](x)\<c(f \wv\ 2 d z y /2 . 

By integrating the previous expression over S% we obtain 

f \Md-H 1 ^CH'iSvWvW^y (6.10) 
Combining together (6.6), (6.7) and (6.10) we obtain 

(|V«| 2 - \Wv\ 2 ) dx < 2cC(8,6)H 1 (S i ) \\Vv\\ LHQs) \\Vv\\ LHQs y (6.11) 

'Qs 

Using in (6.11) the Young inequality 2 ab < a 2 + b 2 , which holds true for every a, b > 0, we have 



So 



L 



(|vs| 2 - \vv\ 2 ) dx < cC(s,s)n 1 (s,)(\\wv\\ 2 LHQ . ) + ||v*||i 2Wi) ). 

Qs 



Being H 1 (S'f)) < /3, we finally have 



\Vv\ 2 dx>(- — I \Vi\ 2 dx, (6.12) 



where c > is a constant depending only on the geometry of the problem. The estimate (6.12) 
gives (6.1) with uj((3) := 2c/3/(l + c/3). □ 
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